Question 1 (15 Marks) Marks

(a) Draw a neat sketch of xy = 8§, clearly indicating on the sketch, the coordinates 4
of the foci, vertices, and the equations of the directrices.

(b) A raindrop falls so that its velocity v m/s at time ¢ seconds is given by
dv 1

—=—3g-2v
=30 )
where g is the acceleration due to gravity.
. 3g 2
(1) Showthatv=7 l—-e 3 |. 3
(1i1) Find the limiting velocity of the raindrop in terms of g. 1
(i11) Find the time when the velocity reaches % gm/s. 2

(c) The rate of increase of the population, P(#), of a particular bird species at time
t years is given by the equation:

dpP
—=kP(Q-P
7 (Q-P)
where k and Q are positive constants and P(0) < Q.
: . . ocC .
(1)  Verify that the expression P(¢) = Caol0 where C is a constant, 3
+e
is a solution of the equation.
(i) Describe the behaviour of P ast > 0. 1
(i) Describe what happens to the rate of increase of the population as ¢t 2 . 1

Question 2 (15 Marks) (Start a new page)

(a) A particle of unit mass is projected vertically upwards form the ground with initial
speed u m/s. If air resistance at any time ¢ seconds is proportional to the velocity at
that instant, and assuming air resistance is —kv,

(1)  Prove that if the highest point is reached by the particle in time 7 seconds then 4

kT = log[l+k—uJ
g

where g is the acceleration due to gravity.

(i1) If the highest point reached is at a height # metres above the ground, 5
prove that hk=u —gT.

Question 2 continues on the next page
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Question 2 continued Marks

(b) The normal at a variable point P[Z p,gj on xy = 4, given by y = p’x — 2p> + 2 ,
p p

meets the x — axis at Q.

(1) Find the coordinates of Q. 1
(i) Find the coordinates of the midpoint, M, of PQ. 2
(ii1)) Hence, find the locus of M. 3
Question 3 (15 Marks)
2 2
(a) (1) Prove that the area bounded by the ellipse 2—2 + Z—z =1 is wab square units. 3
(ii) Hence, by the method of cylindrical shells, find the volume of the solid 3
formed when the area is rotated through 1 complete revolution about the
line y = b.
(b) The area enclosed by the graph of the function y = ™, the y — axis and the
horizontal line y = ¢” is rotated about the y — axis.
1
(1)  Show that the volume is given by AV = Z:27zx(e2 —e™)Ax. 2
0
(i1)) Hence, find the exact volume of the solid of revolution formed. 3
(c) Ifthe gradients of the tangents drawn to the curves xy = ¢* and y2 = 4ax at the 4
point of intersection are m and M respectively. Prove that m = —2M.
Question 4 (15 Marks) (Start a new page) Marks
(c) A particle moves in a straight line so that it’s acceleration is inversely proportional
to the square of its distance from a point O in the line and is directed towards O.
It starts from rest at a distance a units from O.
(i) What is its velocity when it first reaches a distance, %units, from O? 3
(i1)) Show that the time taken to first reach this distance in part (i) is given by 3
3
2
= M , where £ is a constant,
42k
. . afa-2
given that 4 x(a—x)+<sin l[a xj S
dx 2 a a—x

Question 4 is on the next page.
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Question 4 continued Marks

(b) A is the area of the region R bounded by the upper branch of the hyperbola

2 2
Jb/—z—x—z =1, the x — axis and the lines x = + a.
a
. Lb .
(i) Show that 4 = EY [\/5 + ln(l ++/2 )] square units, where L the length of the 5
base of R is 2a units.
2 2
(i1)) S is the solid whose base is the ellipsex—2 + ;,}_2 =1. Cross sections 4
a

perpendicular to the base and to the minor axis, are plane figures similar to
region R where the line of intersection of the planes is the base length of R.

Find the volume of S.

~END OF TEST ~
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2006 JRAHS Extension 2 Term 2 Assessment / LK

Solutions to Questions

Question 1

(@)

e Foci(£4,+4) = 1mk
e Vertices (ir 2\/5,452\/5 ) = 1 mk

e Eqn. of directrices
x+y=124 = 1mk

e Shape of graph = 1mk

Markini Scheme Comments

Students must clearly
show the coordinates of the
foci and vertices & eqn. of
directrices to obtain full
marks.

Y2 mark off is scale is
wrong/ no scale given.

) dv_l B
(b) (i) 5—3(3g 2v)

. v dv _lt
'([ —3Idt

3g—-2v 7
1 v 1y
..—Eln|3g—2v0 :g[t]o
SRLEE ol DL PR B L1 I
2 3g 3 2 3g
PR Sl
3g 3
3g-2v —%
3¢

2t
VRS 3—g(l—e 3}
2

W | =
~

Correct integral =» 1 mk

Correct integration = 2 mk

Substitution & simplify=>» % mk

Taking e to both sides = 1 mk

Variation to integral can
be:
B J- 3dv

3g-2v

2006 JRAHS E2 T2 Assessment solutions/LK

Page




. 3g
1.(b) (i) ast> o vy B Correct answer = 1 mk
1 (b) (i)  whenv= %
2 Correct substitution & simplification
—=l-e? = 1 mk

. 3(In3-1In2)

2

Taking logs of both sides & simplification = 1

mk

1@ G p=—2¢

C+e™?
. dP(t)_ Q’Cke*®
e (cveo)

Correct differential = 1 mk

mk

__kQC Qe
- Ctel@ X Cteo'0 Simplification =» 1 mk
= kP (Q—-P)
_ oc
As(Q-P)=0- Ciot@
_ 0C+Qe™ -0C
C+e™?
3 Qe—th ) B Qekat
—m Showmg (Q—P)—melmk
1 (c) (ii) ast> oo, P> Qase’? >0 Correct answer with some explaination = 1
mk
1 (o) (iii) ast = oo, d];(t) S0asP>0 Correct answer with some explaination = 1
t
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Question 2

(@) 1)) mx=m(—-g)—mkv (upwards)

—[inlg+ il =7
—In|—E | =T
g+ ku
S k> k= B
g g

Correct equation = 1 mk

Correct integral =» 1 mk

Correct integration = 1 mk

Correct simplification = 1 mk

2 (a) (ii) Highest point reached is when v =0

. -g—-kv=> v—=—g—kv
dx( j & vdx &

0
v——ln g+kv} =kh

1
[

Sohk=u—gT askT=In from part(i)

1+k—u
g

Correct integral = 1 mk

vdv 1 gdv

&Y 3 1mk
g+kv k k(g+kv)

Correct integration = 1 mk

Correct simplification & connecting answer
from (1)

= 1 mk
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2(b) xy=4

Eqn. of normal is y = p*x — 2p° + 2
@) . coordinates of Q are | 2p — %,O) Correct coordinates = 1 mk
p
2p+2p—— 2
(i) M= — , L Correct midpoint formula =» Alternatively can award 1
2 2 1 mk mk each for x and y
coordinate of midpoint.
1)1
M= Kz p- —3}—} ;p#0 Correct simplification & restriction for p =
pPp 1 mk
_ 5 11
(i) x= p‘?ay_; => 1 mk
1
p=— ;y#0
Y
X = 2_ vy~ is the locus of M ; y#0 > 1 mk equajuqn
¥ => 1 mk restriction y # 0
Question 3 ]

2 2
@0 oot 3y 2a oy
a- b a
4bt 5
Area=—_[\/a —Xx"dx
a 0
- 4_bx%7za2 since I\/az—xzdx isa
0

a

quadrant of a circle, centre O radius a units.
.. Area = mab sq. units.

= 1 mk

For %ﬂaz = 1 mk

= 1 mk explanation of using %mz
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3 (a) (i)

R

VI
=x
5 \2\ JAZ(—X, Yy )
% |~

X
a’ b’ Ax

A slice taken through the ellipse perpendicular to the x —
axis is the annulus with inner radius (b — y) and outer radius

(b+y).

.. Area of cross- section of slice
=nf(b+y) - (b—y)’] = 4nby

.. Volume of slice AV = 4nby Ax
.. Volume of solid

V= 4nb]£ydx
= 8nbjé\/a2 —x?dx
0 a
_ 87b*

X l7rc12 from part (i)
a 4
= 2n°ab’ cubic units.

y+b

Showing area of cross section is 4way = 1 mk

Correct integral=» 1 mk

Correct Answer = 1 mk
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3 (b) (i)

uy 2
yZe
_ 2
yTe <
e —y
oy~
k)C

Area of rectangular slice, A(x) = 2nx(e’ — ™)

LAV = 2mx(e” — ) Ax

1
. — 13 2 2x
.. Vol gglozol 2mx(e” — e )Ax

3 (b) (ii) . Vol = .1[27zx(e2 — > )dx

1 1
= |:27Z'€2 ~%x2} —ﬂj2xezxdx
0

0

1
2 2x ! 2
=ne” —r|xe "]0 +7zje Ydx
0

= e’ —me’ + %ﬁ[ezx ];= %7[(82 —1)

= 1 mk

= 1 mk

= 1 mk

= 1 mk

= 1 mk
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3(c) Substituting y* = 4ax into xy = ¢* we get
y3 =4ac® =2a’ as 2¢* = d’.

Let P be the point of intersection where

3
Ly= a2 and x = 4:1/—2)

By differentiating xy = ¢* we get =
x

~. the gradient of the hyperbola xy = ¢* at P is

"

dy Y
X

4

By differentiating y* = 4ax we get & = 2a
dx y

~. gradient of y* = 4ax is given by

2a 2
M= =— 2
af2) 2
LA=B=2> m=-2M as required.

= 1mk

= 5 mk

= 1 mk

= % mk

= 1 mk
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4(a) (i) ¥ = —ﬁz

.'.lv2 :—Jizdx = E+c
2 X X
k
Nowv=owhenx=a ..c= ——
X

_ 2,{1_1)
X da

Now 0 <x < a but motion is moving towards the origin

for > 0.
zk(l_lj
X a

2k
Forx=%a,v= -, —
a

= 5 mk

= % mk

= 1 mk

Correct answer= 1 mk

4 (a) (ii) . %:ﬂ:— :

G
B

. i[\/ﬂa_—x)+%asin_l(a —azxﬂ“

2k a

a—Xx

N\h'-—.&

Correct 1 equation= 1 mk
v

‘/i-'[ T 3 1mk
2k s Na—x

2

Correct substitution = 1mk
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4 (b) (i)

AY
y2 x2
b 4
b
_ X
—a (0] a
y:ox’ . b\/ﬁ
b_z__z:1 can be written as y = ig a +x
a
.. Area of region R is given by
2b
Area = —J\/az +x°
a 0
V4

Letx=atand. .. atx=aqa,tanf=1 .. 0= —

4
Atx=0,tan =0 s0 6= 0. Also dx = asec’6 dO
2b1 2 2 2 2
Area=A=—I\/a +a“tan” @ -sec” 8d6
a 0
n
=2abj\/1+tan29-sec29d6’
0

4
ZZabJ‘sec3 6d6 where [= jsec3 6do
0

= 1 mk

= 1 mk
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4 (b) (i) Continued
Now = jsec 9(sec2 9)49 = J.sec 49(1 +tan’ H)dé?

1= J.secedé’+J.(sect9tant9)tan6?dt9
Sece(sece+tang)d@+jtan6’-%(sec@)d6

- -[ sec@ + tan @
= In (secl + tan 6) + tanfsecd — [

- I= " 1n (secf + tan 0) + 2 tanfsech

So Area = ab[In (sech + tan 6) + tan@sec@]oZ

= abl\/z + ln(l + \/E)J

Since L = 2a area generated is 4 = %b[\/i + ln(l ++2 )] unit®

= 1 mk

= 1mk

= 1mk

4 (b) (ii)

from (i) is A square units.

Consider the cross section at P(x , y) on the ellipse of
thickness Ay (See diagram). The area of this cross section

Page
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Note L =2a=2xs0a=x.

o Area=A=xb \/§+ln(1+\/§)J
Butx = %w/bz ~y* andletK = [ﬁ+1n(1+ﬁ)J

sAy) = %Jbz -2 A(y) 2 1 mk
Now volume of slice, AV = A(y) Ay

AV = LzK b*—y* Ay

.. volume of sum of slices

V——hm w/bz—y Ay => 1 mk

2 Ay—0 =

_—Imdy

L_l

2 2
(Note: this integral gives area of semi circle radius b)

2
.. Volume of S = 7ZL4b [\/5 + ln(l + \/5)] in terms of L and b > 1mk

7b* = 1 mk

or = 7za2b2 [\/E + ln(l + \/5)] in terms of @ and b.

~ End of Test ~

2006 JRAHS E2 T2 Assessment solutions/LK Page 11




